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Abstract. In this paper we consider questions of the following type. 
Let k be a base field and K/k be a field extension. Given a geometric 
object X over a field K (e.g. a smooth curve of genus g) what is the 
least transcendence degree of a field of definition of X over the base 
field k? In other words, how many independent parameters are needed 
to define A? To study these questions we introduce a notion of essential 
dimension for an algebraic stack. Using the resulting theory, we give 
a complete answer to the question above when the geometric objects 
X are smooth, stable or hyperelliptic curves. The appendix, written 
by Najmuddin Fakhruddin, answers this question in the case of abelian 
varieties. 
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1. Introduction 
This paper was motivated by the following question. 
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Question 1.1. Let fcbea field and g > be an integer. What is the smallest 
integer d such that for every field K/k, every smooth curve X of genus g 
defined over K descends to a subfield k C Kq C K with tr deg fc Kq < dl 

Here by "X descends to Kq" we mean that the exists a curve Xq over Kq 
such that X is K-isomorphic to Xq Xs pe cK Specif. 

In order to address this and related questions, we will introduce and study 
the notion of essential dimension for algebraic stacks; see £|2j The essential 
dimension edX of a scheme X is simply the dimension of X; on the other 
hand, the essential dimension of the classifying stack B^G of an algebraic 
group G is the essential dimension of G in the usual sense; see [ReiOO^ 
or [BF03j . The notion of essential dimension of a stack is meant to bridge 
these two examples. The minimal integer d in Question 11.11 is the essen- 
tial dimension of the moduli stack of smooth curves M g - We show that 
ed X is finite for a broad class of algebraic stacks of finite type over a field; 
see Corollary 13.41 This class includes all Deligne-Mumford stacks and all 
quotient stacks of the form X = [X/G], where G a linear algebraic group. 

Our main result is the following theorem. 

Theorem 1.2. Let M gi n (respectively, M 9t n) be the stacks of n-pointed 
smooth (respectively, stable) algebraic curves of genus g over a field k of 
characteristic 0. Then 



Moreover for 2g — 2 + n > we have ed M. g>n = ed M g>n . 

In particular, the values of edAi gt Q = edAi g give a complete answer to 
Question 11.11 

Note that 3g — 3 + n is the dimension of the moduli space M 9jn in the 
stable range 2g — 2 + n > (and the dimension of the stack in all cases); 
the dimension of the moduli space represents an obvious lower bound for 
the essential dimension of a stack. The first four cases are precisely the 
ones where a generic object in M g , n has non-trivial automorphisms, and 
(g, n) = (1,0) is the only case where the automorphism group scheme of an 
object of M. g , n is not affine. 

Our proof of Theorem 1 1.21 for (g,n) ^ (1,0) relies on two results of inde- 
pendent interest. One is the "Genericity Theorem" 16.11 which says that the 
essential dimension of a smooth integral Deligne-Mumford stack satisfying 
an appropriate separation hypothesis is the sum of its dimension and the 
essential dimension of its generic gerbe. This somewhat surprising result 
implies that the essential dimension of a non-empty open substack equals 
the essential dimension of the stack. In particular, it proves Theorem 11.21 in 



edM 




(0,0) or (1,1); 
(0,1) or (0,2); 

(1,0); 
(2,0); 



3g — 3 + n otherwise. 
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the cases where a general curve in M gi n has no non-trivial automorphisms. 
It also brings into relief the important role played by gerbes in this theory. 

The second main ingredient in our proof of Theorem 11.21 is the following 
formula, which we use to compute the essential dimension of the generic 
gerbe. 

Theorem 1.3. Let X be a gerbe over a field K banded by a group G. Let 
[X] £ R 2 (K,G) be the Brauer class of X . 

(a) If G = G m and ind[Af] is a prime power then ed X = ind [X] — 1. 

(b) If G = n pr , where p is a prime and r > 1, then ed X = ind [X]. 

Our proof of this theorem can be found in the preprint [BRVQZl Section 
7]. A similar argument was used by N. Karpenko and A. Merkurjev in the 
proof of [KMOSJ Theorem 3.1], which generalizes Theorem ll,3f b). For the 
sake of completeness, we include an alternative proof of Theorem 11.31 in SQj 

Theorem 11.31 has a number of applications beyond Theorem [L2j Some of 
these have already appeared in print. In particular, we used Theorem II. 31 to 
study the essential dimension of spinor groups in [BRV], N. Karpenko and 

A. Merkurjev [KM08J used it to study the essential dimension of finite p- 
groups, and A. Dhillon and N. Lemire |DL] used it, in combination with the 
Genericity Theorem 16. 1\ to give an upper bound for the essential dimension 
of the moduli stack of SL n -bundles over a projective curve. In this paper 
Theorem 11.31 (in combination with Theorems I6.ip is also used to study the 
essential dimension of the stacks of hyperelliptic curves (Theorem I7.2p and, 
in the appendix written by Najmuddin Fakhruddin, of principally polarized 
abelian varieties. 

In the case where (g, n) = (1,0) Theorem 11.21 requires a separate argu- 
ment, which is carried out in SjHJ In this case Theorem 11.21 is a consequence 
of the fact that the group schemes of /"-torsion points on a Tate curve has 
essential dimension l n , where I is a prime. 

Acknowledgments. We would like to thank the Banff International Re- 
search Station in Banff, Alberta (BIRS) for providing the inspiring meeting 
place where this work was started. We are grateful to J. Alper, K. Behrend, 
C.-L. Chai, D. Edidin, A. Merkurjev, B. Noohi, G. Pappas, M. Reid and 

B. Totaro for helpful conversations. 

2. The essential dimension of a stack 

Let k be a field. We will write Fields^ for the category of field extensions 
K/k. Let F : Fields^ — » Sets be a covariant functor. 

Definition 2.1. Let a £ F(L), where L is an object of Fields^. We say 
that a descends to an intermediate field k C K C L or that K is a field of 
definition for a if a is in the image of the induced map F{K) — > F(L). 

The essential dimension eda of a £ F{L) is the minimum of the tran- 
scendence degrees tr deg^ K taken over all intermediate fields k C K C L 
such that a descends to K. 
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The essential dimension ed F of the functor F is the supremum of ed o 
taken over all a € F{L) with L in Fields^. We will write edF = — oo if F is 
the empty functor. 

These notions are relative to the base field k. To emphasize this, we will 
sometimes write ed& a or edfc F instead of ed a or ed F, respectively. 

The following definition singles out a class of functors that is sufficiently 
broad to include most interesting examples, yet "geometric" enough to allow 
one to get a handle on their essential dimension. 

Definition 2.2. Suppose X is an algebraic stack over k. The essential 
dimension ed X of X is defined to be the essential dimension of the functor 
Fx '■ Fields^ — ► Sets which sends a field L/k to the set of isomorphism classes 



As in Definition 12. 11 we will write edfc X when we need to be specific about 
the dependence on the base field k. Similarly for edfc £, where £ is an object 



Example 2.3. Let G be an algebraic group defined over k and X = B^G 
be the classifying stack of G. Then Fx is the Galois cohomology functor 
sending K to the set H 1 (K, G) of isomorphism classes of G-torsors over 
Spec(-fT), in the fppf topology. The essential dimension of this functor is a 
numerical invariant of G, which, roughly speaking, measures the complexity 
of C?-torsors over fields. This number is usually denoted by edfc G or (if k 
is fixed throughout) simply by ed G; following this convention, we will often 
write ed G in place of edBkG. Essential dimension was originally introduced 
and has since been extensively studied in this context; see e.g., [BR97" 1 lReiOO|. 
iRYnUl IKorOOl ILed02} IJLYH^ IBFMI iLemTMl ICSOn] lGar09| . The more general 
Definition 12.11 is due to A. Merkurjev; see [BF031 Proposition 1.17]. 

Example 2.4. Let X = X be a scheme of finite type over a field k, and 
let Fx- Fieldsfc — > Sets denote the functor given by K \—> X{K). Then 
an easy argument due to Merkurjev shows that edFx = dimX; see [BF03, 
Proposition 1.17]. 

In fact, this equality remains true for any algebraic space X. Indeed, 
an algebraic space X has a stratification by schemes Aj. Any A'-point 
rj: Specif — > X must land in one of the X{. Thus edX = maxedAj = 
dimX. A 

Example 2.5. Let X = Mg^n be the stack of smooth algebraic curves of 
genus g. Then the functor Fx sends K to the set of isomorphism classes 
of n-pointed smooth algebraic curves of genus g over K. Question 11.11 asks 
about the essential dimension of this functor in the case where n = 0. 

Example 2.6. Suppose a linear algebraic group G is acting on an algebraic 
space X over a field k. We shall write [X/G] for the quotient stack [X/G]. 

4n the literature the functor Fx is sometimes denoted by X or X. 




of Fx. 
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Recall that -fT-points of [X/G\ are by definition diagrams of the form 
(2.1) T — >X 

TT 

Spec(if) 

where tt is a G-torsor and ip is a G-equivariant map. The functor F^x/g] 
associates with a field K/k the set of isomorphism classes of such diagrams. 

In the case where G is a special group (recall that this means that every 
G-torsor over Spec(-fT) is split, for every field K/k) the essential dimension of 
F\x/g\ nas been previously studied in connection with the so-called "functor 
of orbits" Orhx,G given by the formula 

Orb XtG (K) = set of G(i?)-orbits in X{K). 

Indeed, if G is special, the functors F\ x /G] an( i O rD x,G are isomorphic; an 
isomorphism between them is given by sending an object (12. ip of F^ x /G\ to 
the G(-RT)-orbit of the point tps: Spec(-fT) — > X, where s: Spec(i^) — > T is 
a section of ir: T — > Spec(K). 

Of particular interest are the natural GL n -actions on = affine space 
of homogeneous polynomials of degree d in n variables and on p^ -1 = 
projective space of degree d hypersurfaces in P n_1 , where N = ( n+ ^ _1 ) is 
the number of degree d monomials in n variables. For general n and d 
the essential dimension of the functor of orbits in these cases is not known. 
Partial results can be found |BF04j and [BR05, Sections 14-15]. Additional 
results in this setting will be featured in a forthcoming paper. 

Remark 2.7. If the functor F in Definition 12.11 is limit-preserving, a con- 
dition satisfied in all cases of interest to us, then every element a £ F{L) 
descends to a field K C L that is finitely generated over k. Thus in this case 
eda is finite. In particular, if X is an algebraic stack over k, ed£ is finite for 
every object £ G X(K) and every field extension K/k; the limit-preserving 
property in this case is proved in [LMB00[ Proposition 4.18], 

In £}3] we will show that, in fact, ed-^f < oo for a broad class of alge- 
braic stacks X; cf. Corollary 13.41 On the other hand, there are interesting 
examples where ed^ = oo; see Theorem 11.21 or [IBS08]. 

The following observation is a variant of [BF03, Proposition 1.5]. 

Proposition 2.8. Let X be an algebraic stack over k, and let K be a field 
extension of k. Then edx Xk < edfc X . 

Here, as in what follows, we denote by Xk the stack Spec/T Xg pec ^. X. 

Proof. If L/K is a field extension, then the natural morphism Xk{L) —* 
X{L) is an equivalence. Suppose that M/k is a field of definition for an 
object £; in X(L). Let iV be a composite of M and K over k. Then iV 



6 BROSNAN, REICHSTEIN, AND VISTOLI 

is a field of definition for £, trdeg^iV < trdeg fc M, and the proposition 
follows. 4 



3. A FIBER DIMENSION THEOREM 

We now recall Definitions (3.9) and (3.10) from [LMBOOj . A morphism 
/ : X — > y of algebraic stacks (over k) is said to be representable if, for every 
fc-morphism T — > y, where T is an afhne fc-scheme, the fiber product X XyT 
is representable by a an algebraic space over T. A representable morphism 
/: X — > y is said to be locally of finite type and of fiber dimension < d if 
the projection Af xy T — > T is also locally of finite type over T and every 
fiber has dimension < d. 

Example 3.1. Let G be an algebraic group defined over k, and let X —> Y 
be a G-equivariant morphism of fc-algebraic spaces, locally of finite type and 
of relative dimension < d. Then the induced map of quotient stacks [X/Gf\ — > 
[Y/ G] is representable, locally of finite type and of relative dimension < d. 

The following result may be viewed as a partial generalization of the fiber 
dimension theorem (see [Har77, Exercise II. 3. 22 or Proposition III. 9. 5]) to 
the setting where schemes are replaced by stacks and dimension by essential 
dimension. 

Theorem 3.2. Letd be an integer, f : X — > 3^ be a representable k-morphism 
of algebraic stacks which is locally of finite type and of fiber dimension at 
most d. Let L/k be a field, £ € X(L). Then 

(a) ed fc £ < ed fc /(£) + d, and 

(b) ed fc X <ed k y + d. 

In particular, if ed^ y is finite, then so is ed^ X. 

Proof, (a) By the definition of ed^ /(£) we can find an intermediate field 
k C K C L and a morphism r\: Specif — > y such that trdeg fc iT < ed/(£) 
and the following diagram commutes. 

Spec L — — > X 
f 

Spec K^-^y 

Let Afg- == X Xy SpecK. By the hypothesis, Xk is an algebraic space, 
locally of finite type over K and of relative dimension at most d. By the 
commutativity of the diagram above, the morphism £ : Spec L — > X factors 
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through Xk'- 



SpecL 




Spec K ■ 



Moreover, £ factors through K(p), where p denotes the image of £o in %K- 
Since Xk has dimension at most d over K, we have trdeg K K(p) < d. 
Therefore, 

tr deg fe K(p) = tr deg fc K + tr deg K K(p) < ed /(£) + d 

and part (a) follows. 

Part (b) follows from (a) by taking the maximum on both sides over all 
L/k and all £ £ 4 

Corollary 3.3. Consider an action of an algebraic group G on an algebraic 
space X, defined over a field k. Assume X is locally of finite type over k. 
Then 

ed k G > ed k [X/G] -dimX. 

Proof. The natural G-equivariant map X — > Spec A; gives rise to a map 
\X/G\ — > SfeG of quotient stacks. This latter map is locally of finite type and 
of relative dimension < dimX; see Example 13.11 Applying Theorem 13.2( b) 
to this map, we obtain the desired inequality. A 



Corollary 3.4. (Finiteness of essential dimension) Let X be an algebraic 
stack of finite type over k. Suppose that for any algebraically closed extension 
Q of k and any object £ of X(Q) the group scheme Aut n _(6) — > SpecJ7 is 
affine. Then ed& X < oo. 

Note that Corollary 13.41 fails without the assumption that all the Aut p(£) 
are affine. For example, by Theorem 11.21 edA^i^ = +oo. 

Proof. We may assume without loss of generality that X = [X/G] is a 
quotient stack for some affine algebraic group G acting on an algebraic space 
X. Indeed, by a Theorem of Kresch [Krc99, Proposition 3.5.9] X is covered 
by quotient stacks [Xi/Gi] of this form and hence, ed X = maxj ed [Xi/Gi\. 
If X = [X/G] then by Corollary! 



ed [X/G] < edfe G + dim(X) . 

The desired conclusion now follows from the well-known fact that ed^ G < 
oo for any affine algebraic group G; see [ReiOOl Theorem 3.4] or (BF03, 
Proposition 4.11]. 4* 
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4. The essential dimension of a gerbe over a field 

The goal of this section is to prove Theorem 11.31 stated in the Intro- 
duction. We proceed by briefly recalling some background material on 
gerbes from [Mil80[ p. 144] and |Gir71l IV. 3. 1.1], and on canonical dimension 
from |KM06j and |BR05| . 

Gerbes. Let X be a gerbe defined over a field K banded by an abelian 
iT-group scheme G. In particular, X is a stack over K which becomes 
isomorphic to BkG over the algebraic closure of K. 

There is a notion of equivalence of gerbes banded by G; the set of equiva- 
lence classes is in a natural bijective correspondence with the group H 2 (K, G). 
The identity element of H 2 (K, G) corresponds to the class of the neutral 
gerbe BkG. Recall that the group H 2 (.ff, G m ) is canonically isomorphic to 
the Brauer group Br K of Brauer equivalence classes of central simple alge- 
bras over K. Here, as usual, G m denotes the multiplicative group scheme 
over K. 

Canonical dimension. Let X be a smooth projective variety defined 
over a field K. We say that L/K is a splitting field for X if X(L) ^ 0. A 
splitting field L/K is called generic if for every splitting field Lq/K there 
exists a il-place L — > Lq. The canonical dimension cdX of X is defined as 
the minimal value of tr deg^(L), where L/K ranges over all generic splitting 
fields. Note that the function field L = K(X) is a generic splitting field of 
X; see [KMQ61 Lemma 4.1]. In particular, generic splitting fields exist and 
cdX is finite. If A" is a smooth complete projective variety over K then 
cd X has the following simple geometric interpretation: cd X is the minimal 
value of dim(y), as Y ranges over the closed if-subvarieties of X, which 
admit a rational map X -~» Y defined over K; sec [KM06, Corollary 4.6]. 

The determination functor Dx '■ Fields^ — ► Sets is defined as follows. For 
any field extension L/K, Dx(L) is the empty set, if X(L) = 0, and a set 
consisting of one element if X(L) ^ 0. The natural map D(Li) — ► D(L2) is 
then uniquely determined for any K C L\ C L2. It is shown in |KM06] that 
if X is a complete regular i^T-variety then 



Of particular interest to us will be the case where X is a Brauer-Severi 
variety over K. Let m be the index of X. If m = p a is a prime power then 



see |KM061 Example 3.10] or [BB051 Theorem 11.4]. 

If m = pi 1 . . . p® r is the prime decomposition of m then the class of X in 
Br L is the sum of classes a±, . . . , a r whose indices are p" 1 , . . . , p% r . Denote 
by Xi, . . . , X r the Brauer-Severi varieties associated with ai, ■ ■ ■ , a r . It is 
easy to see that K(X\ x • • • x X r ) is a generic splitting field for X. Hence, 



(4.1) 



cdX = edD x ■ 



(4.2) 



cdX =p a -1; 



cdX < dim(Xi x • • • x X r ) = p^ + ■ ■ ■ +p a r r - r . 
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J.-L. Colliot-Thelene, N. Karpenko and A. Merkurjev |CTKM07j conjec- 
tured that equality holds, i.e., 



As we mentioned above, this in known to be true if m is a prime power 
(i.e., r = 1). Colliot-Thelene, Karpenko and Merkurjev also proved (|4.3p for 
m = 6; see [CTKM07, Theorem 1.3]. Their conjecture remains open for all 
other m. 

Theorem 4.1. Let d be an integer with d > 1. Let K be a field and 
x G H 2 (K, (i d ). Denote the image of x in H 2 (K,G m ) by y, the [i d -gerbe 
associated with x by X — > Spec(K), the G m -gerbe associated with y by 
y — > Spec(K), and the Brauer-Severi variety associated with y by P. Then 

(a) ed y = cd P and 

(b) ed* = cdP+1. 

In particular, if the index of x is a prime power p r then ed y = p r — 1 and 
edX = p r . 

Proof. The last assertion follows from (a) and (b) by (|4.2p . 

(a) The functor Fy. Fields^ — > Sets sends a field L/K to the empty set, 
if P(L) = 0, and to a set consisting of one point, if P(L) ^ 0. In other 
words, Fy is the determination functor Dp introduced above. The essential 
dimension of this functor is cdP; see f)4. 1|) . 

(b) First note that the natural map X — > y is of finite type and repre- 
sentable of relative dimension < 1. By Theorem I3.2f b) we conclude that 
ed X < edy + 1. By part (a) it remains to prove the opposite inequality, 
ed X > edy + 1. We will do this by constructing an object a of X whose 
essential dimension is > ed^V + 1. 

We will view X as a torsor for Bx^d m the following sense. There exist 
maps 

X x BxfJ-d — > % 
X x X — ► BxHd 

satisfying various compatibilities, where the first map is the "action" of 
BxlJ-d on % an d the second map is the "difference" of two objects of X . For 
the definition and a discussion of the properties of these maps, see |Gir71 j. 
Chapter IV, Sections 2.3, 2.4 and 3.3]. (Note that, in the notation of Gi- 
raud's book, X A BxfJ<d — % an d the action operation above arises from the 
map X x BxfJ-d ^ X A BxHd given in Chapter IV, Proposition 2.4.1. The 
difference operation, which we will not use here, arises similarly from the 
fact that, in Giraud's notation, HOM(A', X) = BxfJ'd-) 

Let L = K{P) be the function field of P. Since L splits P, we have a 
natural map a: SpecL — > y. Moreover since L is a generic splitting field 



(4.3) 



cd X = p^ H h p a r r - r . 



for P 



(4.4) 



ed a = cd P = ed y 
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where we view a as an object in y. Non-canonically lift a: SpecL — > y 
to a map SpecL — > A" (this can be done, because A" — > J 1 is a O m -torsor). 
Let SpecL(t) — > £>L/x d denote the map classified by (i) € H 1 (L(i),/x d ) = 
L(t) x / L(t) xd . Composing these two maps, we obtain an object 

a: SpecL(t) —> X x Bni d ~^ 

in X{L(t)). Our goal is to prove that eda > edy + 1. In other words, given 
a diagram of the form 

(4.5) SpecL(t) > X 



SpecM 

where K C M C L is an intermediate field, we want to prove the inequality 
trdeg^-(M) > ed^V + 1. Assume the contrary: there is a diagram as above 
with trdegj^(M) < ed^- Let v: L(t)* — > Z be the usual discrete valuation 
corresponding to t and consider two cases. 

Case 1. Suppose the restriction v\ M of u to M is non-trivial. Let Mq 
denote the residue field of v and M>o denote the valuation ring. Since 
SpecM — > X — > 3^, there exists an M-point of P. Then by the valuative 
criterion of properness for P, there exists an M>o-point and thus an Mo- 
point of P. Passing to residue fields, we obtain the diagram 

Spec L — - — > y 



Spec Mo 

which shows that eda < trdeg^-Mo = trdeg^-M — 1 < ed^V — 1, contra- 
dicting (jO|) . 

Case 2. Now suppose the restriction of v to M is trivial. The map 
SpecL — » X sets up an isomorphism Xl = Bi^d- The map SpecL(i) — ► <Y 
factors through and thus induces a class in £?£/i rf (L(i)) = H 1 (L(t), /x d ). 
This class is (t). Tensoring the diagram (|4.5p with L over K, we obtain 

SpecL(t) ® L X L B L j* d 

0^* 

Spec M ® L 

Recall that L = K{P) is the function field of P. Since P is absolutely 
irreducible, the tensor products L{t) (8> L and M ® L are fields. The map 
SpecM ® L —> BifJ-d is classified by some m 6 (M <g> L) X /(M ® L) xd = 
H 1 (M (X) L,fi d ). The image of m in ® L is equal to i modulo d-th. 
powers. We will now derive a contradiction by comparing the valuations of 
m and t. 
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To apply the valuation to m, we lift v from L(t) to L(t) ® L. That is, 
we define vl as the valuation on L{t) tg) L = {L L)(t) corresponding to t. 
Since VL,{t) = v{t) = 1, we conclude that v^im) = 1 (mod d). This shows 
that vl is not trivial onM®L and thus v is not trivial on M, contradicting 
our assumption. This contradiction completes the proof of part (b). 4k 

Corollary 4.2. Let 1 ^ Z — > G — > Q — > 1 denote an extension of group 
schemes over a field k with Z central and isomorphic to (a) G m or (b) fj, pr 
for some prime p and some r > 1. Let ind(G, Z) as the maximal value of 
ind(<9x(i)) as K ranges over all field extensions of k and t ranges over all 
torsors in H X (K, Q). 7/ind(G, Z) is a prime power (which is automatic in 
case (b)) then 

ed k G> ind(G,Z) -dimG. 

Proof. Choose t € ^(K^Z) so that ind(9x(^)) attains its maximal value, 
ind(G, Z). Let X — > Spec(K) be the Q-torsor representing t. Then G acts 
on X via the projection G — > Q, and [X/G] is the Z-gerbe over Spec(-fC) 
corresponding to the class 8k (t) G H 2 (K,Z). By Theorem 11.31 



ed[X/G] 



ind[dK(t)) — 1 in case (a), 
ind(dK(t)) in case (b). 



Since dim(X) = dim(Q), applying Corollary 13.31 to the G-action on X, we 
obtain 



ed K G K > 



(ind(G, Z) — 1) — dimG; = ind(G, Z) — dim(G) in case (a), 
ind(G, Z) — dimQ = ind(G, Z) — dim(G) in case (b). 

Since ed& G > edx Gk (see [BF03, Proposition 1.5] or our Proposition 12.80 . 
the corollary follows. 4k 

5. GERBES OVER COMPLETE DISCRETE VALUATION RINGS 

In this section we prove two results on the structure of etale gerbes over 
complete discrete valuation rings that will be used in the proof of Theo- 
rem f67TJ 



5.1. Big and small etale sites. Let S be a scheme. We let Sch/S" de- 
note the category of all schemes T equipped with a morphism to S. As 
in [SGA72| . we equip Sch/5 with the etale topology. Let et/S denote the 
full subcategory of Sch/5* consisting of all schemes etale over S (also with 
the etale topology). The site Sch/5 is the big etale site and the category 
et/S is the small etale site. We let S^ t denote the category of sheaves on 
Sch/5 and 5et the category of sheaves on et/5. Since the obvious inclu- 
sion functor from the small to the big etale site is continuous, it induces 
a continuous morphism of sites u: et/S — > Sch/5 and thus a morphism 
u: 5g t — > Set- Moreover, the adjunction morphism F — ► u*u*F is an iso- 
morphism for F a sheaf in S e t [SGA72} VII. 4.1]. We can therefore regard 
S e t as a full subcategory of S^ t . 
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Definition 5.1. Let S be a scheme. An etale gerbe over S is a separated 
locally finitely presented Deligne-Mumford stack over S that is a gerbe in 
the etale topology. 

Let X — > S be an etale gerbe over a scheme S. Then, by definition, there 
is an etale atlas, i.e., a morphism Uq — > Af, where ?7o — ► 5 1 is surjective, 
etale and finitely presented over S. This atlas gives rise to a groupoid 

= [U\ d = Uq x x Uq Uq] in which each term is etale over S. Since X 
is the stackification of Q which is a groupoid on the small etale site S&t, it 
follows that X = u*X' for X' a gerbe on Set- in other words, we have the 
following proposition. 

Proposition 5.2. Let X — > S be an etale gerbe over a scheme S. Then 
there is a gerbe X' on S et such that X = u* X' . 

If S is a henselian trait (i.e., the spectrum of a henselian discrete valuation 
ring) we can do better: 

Proposition 5.3. Let S be a henselian trait and f : T — > S be a surjec- 
tive etale morphism. Then there is an open component T' of T such that 
f\jv : T' — > S is a finite etale morphism. 

Proof. Let s denote the closed point of S. Since / is surjective, there exists 
a t G T such that f(t) = s. Since / is etale, / is quasi-finite at t by |Gro67l 
17.6.1]. Now, it follows from |Gro67l 18.5.11] that T = SpecO T ,t is an open 
component of T which is finite and etale. A 

Now for a scheme S, let iet/S denote the category of finite etale covers 
T — > S. We can consider iet/S as a site in the obvious way. Then the inclu- 
sion morphism induces a continuous morphism of sites v. et/S — * iet/S. If S 
is a henselian trait with closed point s, then the inclusion morphism i : s — > S 
induces an equivalence of categories i* : iet/S — > fet/s. Since the site iet/s 
is equivalent to s e t, this induces the specialization morphism sp: Set ~^ Set> 
which is inverse to the inclusion morphism i: s e t — * S; cf. |SGA73t p. 89]. 
Let r = sp ou : 5^ t — > s et . 

Corollary 5.4. Lei X ^ S be an etale gerbe over a henselian trait S with 
closed point s. Then there is a gerbe X" over s e t such that X = t*X" . 

Proof. Since X — > S is an etale gerbe, there is an etale atlas Xq — > S of 
<Y. By Proposition 15.31 we may assume that Xq is finite over S. Then 
X\ = Xo xx Xq is also finite, because X is separated, by hypothesis. Now 
the equivalence of categories i* : fet/S 1 — > fet/s produces an gerbe X" over 
Set such that X = t*X" . 4k 

5.2. Group extensions and gerbes. Let A; be a field with separable clo- 
sure k and absolute Galois group G = Gal(/c//c). Let 

(5.1) 1 — > F E -^G — >1 
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be an extension of profinite groups with F finite and all maps continuous. 
From this data, we can construct a gerbe Xe over (Specfc)et- To determine 
the gerbe it is enough to give its category of sections over SpecL where L/k 
is a finite separable extension. Let K = {g G G \ g(a) = a, a G L}. Then the 
objects of the category Xe(L) are the solutions of the embedding problem 
given by (15. II) . That is, an object of Xe(L) is a continuous homomorphism 
a: K — > E such that p o a(k) = k for k G K. If Sj : K — > E, i = 1, 2 are two 
objects in Xe(L) then a morphism from s\ to s 2 is an element / G F such 
that fsif~ l = s 2 ; cf. [DD99] p. 58 1]. 

By the results of Giraud [Gir71l Chapter VIII], it is easy to see that any 
gerbe X — > Spec k with finite inertia arises from a sequence (|5.ip as above. 
We explain how to get the extension: Given X, we can find a separable Galois 
extension L/k and an object £ G ^ (L). This gives an extension of groups 
Autx(0 ~^ Auts pec fc(Spec L) = Gal(L/A;). Pulling back this extension via 
the map G = Gal(/c) — > Gal(L/fc) gives the desired sequence (|5.ip . 

Now, suppose that E is as in (|5.ip . Let L/k be a field extension, which is 
separable but not necessarily finite. Let L denote a fixed separable closure 
of L and let k denote the separable closure of k in L. Then there is an 
obvious map r: Gal(L/L) — > G&l(k/k). Let u: (SpecA:)^ t — > (Specfc)et 
denote the functor of §5.11 Then u*X(L) has the same description as in the 
case where L is a finite extension of A;. In other words, we have the following 
proposition. 

Proposition 5.5. Let L/k be a separable extension and let Xe be the gerbe 
defined above. Then the objects of the category u*Xe(L) are the morphisms 
s: Gal(L) — > E making the following diagram commute. 



Gal(L) 




1 y F > E > Gal(fc) > 1 

Moreover, if Si,i = 1,2 are two objects in u*Xe(L), then the morphisms 
from s\ to S2 are the elements f G F such that fsif^ 1 = S2- ♦ 

5.3. Splitting the inertia sequence. We begin by recalling some results 
and notation from Serre's chapter in [GMS03J. 

Let A be a discrete valuation ring. Write S = Sa for Spec A, s = sa for 
the closed point in S and n = tja for the generic point. When A is the only 
discrete valuation ring under consideration, we suppress the subscripts. If 
A is henselian, then the choice of a separable closure k(rj) of k(rj) induces 
a separable closure of k(s) and a map Gal(k(rj)) — > Gal(fc(s)) between the 
absolute Galois groups. The kernel of this map is called the inertia, written 
as I = I a- If char k{s) = p > 0, then we set I w = /J equal to the unique 
p-Sylow subgroup of /; otherwise we set I w = {1}. The group I w is called 
the wild inertia. The group I t = lA,t = I/I w is called the tame inertia and 



11 



BROSNAN, REICHSTEIN, AND VISTOLI 



the group Gal(%)) t = Gal(fc(7/)) / I w is called the tame Galois group. We 
therefore have the following exact sequences: 

(5.2) 1 — ► I — ► Gal(%)) — ► Gal(ifc(s)) — ► 1 and 

(5.3) 1 — >I t — ► Gal(A;(r/))t — ► Gal(fc(s)) — ► 1 . 

The sequence (|5.2p is called the inertia exact sequence and f)5.3j) the tame 
inertia exact sequence. 

For each prime I, set Zj(l) = lim/Ltjn so that 

JJZj(l) = lim/i n . 

Then there is a canonical isomorphism c: It — ► TL^p^(l) [GMS03, p. 17]. 
To explain this isomorphism, let g € It and let 7r 1//n be an n-th root of a 
uniformizing parameter ir € A with n not divisible by p. Then the image of 
c(g) in n n is g^)/^. 

Proposition 5.6. Let A be a henselian discrete valuation ring. Then the 
sequence (|5.2[) is split. 

The proposition extends Lemma 7.6 in [GMS03], where A is assumed to 
be complete. 

Proof. Because we need the ideas from the proof, we will repeat Serre's 
argument. Set K = k{rf) and K = k(fj). Set K t = K : the maximal tamely 
ramified extension of K. Let tt be a uniformizing parameter in A. Then, 
for each non-negative integer n not divisible by p, choose an n-th root iT n of 
tt in K such that ir™ m = vr n . Set K rSLUl = f K[iT n ]( p ^ n y Then K ram is totally 
and tamely ramified over K. Moreover any Kt = K ram K unr . It follows that 
Gal(/c(s)) map be identified with the subgroup of elements g £ Gal(-fT)t 
fixing each of the 7r n ; cf. [Del80| . This splits the sequence (|5.3p . 

Now, in [GMS03], Serre extends this splitting non-canonically to a split- 
ting of (|5.2p as follows. Since k(s) has characteristic p, the p-cohomological 
dimension of Gal(fc(s)) is < 1; see [Ser02]. Consequently, any homomor- 
phism Gal(A;(s)) — > Gal(i^) t can be lifted to Gal(-fT). A 

While the splitting of (|5.3I) is not canonical, we need to know that it 
is possible to split two such sequences, associated with henselian discrete 
valuation rings A <Z B, in a compatible way. 

Proposition 5.7. Let A C B be an extension of henselian discrete valua- 
tion rings, such that a uniformizing parameter for A is also a uniformizing 
parameter for B. Then there exist maps ob'- Gal(&(s,B)) Gal(fc(j7B))t 
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(resp. a a'- Gal(k(sA)) — * Gal(k(r)A))t) splitting the tame inertia exact se- 
quence (15. 3p for B (resp. A) and such that the diagram 

Gz\{k{s B )) Gal(A;(77 B )) t 

Gal(A;( SA )) Gal(k( VA )) t , 

with vertical morphisms given by restriction, commutes. 

Proof. Let ir E A be a uniformizing parameter for j4, and hence for £?. For 
each n not divisible by p = char(/c(s^)), choose an re-th root 7r n of 7r in 
k(j] B ). Now, set a B (k{s B )) = fee Gal(/c(r/ B )) t : ^(vr^) = 7r n for all n} and 
similarly for A. By the proof of Proposition 15.61 this defines splitting of the 
tame inertia sequences. Moreover, these splittings lift to splittings of the 
inertia exact sequence. 4ft 

Remark 5.8. By the proof of Proposition 15.61 the splittings a B and a a 
in Proposition 15.71 can be lifted to maps as- G&l(k(s B )) — » Gal(k(rj B )) 
(resp. oa'- Gal(k(sA)) — > Gal(fc(r/ a ))). However, since these liftings are 
non-canonical it is not clear that a B and cr^ can be chosen compatibly. 

5.4. Tame gerbes and splittings. The following result is certainly well 
known; for the sake of completeness we supply a short proof. 

Proposition 5.9. Let X — > S be an etale gerbe over a henselian trait, with 
closed point s. Denote by i: s — » S the inclusion of the closed point and by 
sp : S — > s the specialization map. Then the restriction map 

i*: X(S) — ► X(s) 

induces an equivalence of categories with quasi-inverse given by 

sp*: X{s) — ► X(S). 

Proof. Since the composite s — > S s is an auto-equivalence and X is ob- 
tained by pullback from X s , it suffices to show that the functor i* : X(S) — » 
X(s) is faithful. For this, suppose & : S — *■ X, i = 1, 2 are two objects of 
X(S). Then the sheaf Hom((i, £2) is etale over S. Since S is henselian, it fol- 
lows that the sections of Hom^i,^) over S are isomorphic (via restriction) 
to the sections over s. Thus i* : X(S) — > X{s) is fully faithful. 4k 

A Deligne-Mumford stack — > 5 is tame if, for every geometric point 
£ : SpecfJ — > X, the order of the automorphism group Auts pe cn(£) is prime 
to the characteristic of f2. For tame gerbes over a henselian discrete valuation 
ring, we have the following analogue of the splitting in Proposition 15.71 

Theorem 5.10. Let h: SpecB — > Spec A be the morphism of henselian 
traits induced by an inclusion A <^-» B of henselian discrete valuation rings 
(here we assume that a uniformizing parameter for A is sent to a uniformiz- 
ing parameter for B). Let X be a tame etale gerbe over Spec A. Write 
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3b'- {vb} SpecB (resp. ja'- {va} Spec A) for the inclusion of the 
generic points. Then there exist functors 

t a : X{k{r, A )) -> X(A) andT B : X(k(rj B )) X(B) 

such that the diagram 



X{A)—^X{k{r }A )) 



^X(A) 



h* 



X(k(rj B )) — ^— > X(B) , 

commutes (up to natural isomorphism) and the horizontal composites are 
isomorphic to the identity. 



Proof. Since X is an etale gerbe, there is an extension E as in (|5.ip with 
G = Gal{k{sA)) such that X is the pull-back of Xe to the big etale site over 
Sa- Since X is tame, the band, i.e., the group F in (|5.ip . has order prime 
to char k(s A )- 

Now, pick splittings erg and a a compatibly, as in Proposition 15.71 
We define a functor tb ■ X(k(r) B )) — > X(B) as follows. Using Proposi- 
tion !5.5l we can identify X(k(r]B)) with category of sections s : Gal(fc(r/s)) — > 
-E. Given such a section s, the tameness of I? implies that s(I w ) = 1. There- 
fore, s induces a map Gal(fc(r/s))t — * Gal(fc(ss)), which we will also denote 
by the symbol s. Let tb(s) denote the section sod B : Gal(fc(ss)) — > -E- 
This defines on the objects in X(k(rjB)). If we define ta in the same way, 
it is clear that the diagram above commutes on objects. We define tb (resp. 
a a) on morphisms, by setting Tb(/) = / (and similarly for A). We leave 
the rest of the verification to the reader. A 

5.5. Genericity. 

Theorem 5.11. Let R be a discrete valuation ring, S = Spec(i?) and 

X — ► S 

a tame etale gerbe. Then ed^,,) X s < ed^) X v , where s is the closed point 
of S and rj is the generic point. 

Proof. We may assume without loss of generality that R is complete. Indeed, 
otherwise replace R with its completion at s. The field k(s) does not change, 
but k(r]) is replaced by a field extension. By Proposition 12.81 the essential 
dimension of X k ^ does not increase. 

If R is equicharacteristic, then by Cohen's structure theorem, R = fc[[f]] 
with k = k(s). If not, denote by W{k(s)) the unique complete discrete 
valuation ring with residue field k(s) and uniformizing parameter p. This is 
called a Cohen ring of k(s) in [Gro641 19.8]. If k(s) is perfect then W(k(s)) 
is the ring of Witt vectors of k(s), but this is not true in general, and 
W(k(s)) is only determined up to a non-canonical isomorphism. By |Gro64^ 
Theoreme 19.8.6], there is a homomorphism W(k(s)) — > R inducing the 
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identity on k(s). Since X is pulled back from k(s) via the specialization 
map, we can replace R by W(k(s)). 

Now suppose b: SpecL — > X s is a morphism from the spectrum of a field 
with edfc( s ) b = tr deg^) L = ed X s . (Such a morphism exists because ed X s 
is finite.) Set B := L[[t]] if i? is equicharacteristic and B := W(L) otherwise. 
In either case, B is a complete discrete valuation ring with residue field L. 
In the first case we have a canonical embedding R = fc[[f]] C L[[i]] = B; 
in the second case, again by [Gro64l Theoreme 19.8.6] (due to Cohen), we 
have a lifting R = W(k(s)) — > VF(L) = B of the embedding fc(s) C L, 
which is easily seen to be injective. Therefore there is a unique morphism 
(3 = b o sp : Sb — ► <-f whose specialization to the closed point of B coincides 
with £. 

Suppose there is a subfield M of k(r]B) containing k(rm) such that the 
following conditions hold: 

(1) the restriction j* B j3 of (3 to k(r]B) factors through M, 

(2) trdeg fc(Tm) M < ed fc(s) 6. 

Complete M with respect to the discrete valuation induced from k(rjB) and 
call the resulting complete discrete valuation ring A. It follows that there is a 
class a in X(k(r]A_)) whose restriction to k(r]B) coincides with j* B [3. But then, 
by Theorem 15.101 we have = h^aA(a). This implies that b: SpecL — > X s 
factors through the special fiber of A. Since the transcendence degree of 
k(sA) over k(s) is less than ed fc ( s ) b, this is a contradiction. 4 

Corollary 5.12. Let R be an equicharacteristic complete discrete local ring 
and X — > Spec(ii) 6e a tame etale gerbe. Then 

edfc(s) X s = ed^) , 
where s denotes the closed point of Spec(i2) and r\ denotes the generic point. 

Proof. Set k = k{s). Since R is equicharacteristic, we have R = and 
X k (yj} is the pullback to k{rj) of X k ^ via the inclusion of k in k((t)). Therefore 
ed fc ( s ) X k ( s ^ > ed^) X k ^ . The opposite inequality is given by Theorem l5.111 

Theorem 5.13. Suppose that X is an etale gerbe over a smooth scheme 
X locally of finite type over a perfect field k. Let K be an extension of k, 
£ G ^(SpecK). Then 

ed£ < ed fc (x) ^fc(x) + dimX - codim* £. 

Proof. We proceed by induction on codim£. If codim^^ = 0, then the 
morphism £: Specif — > X is dominant. Hence £ factors through X k (v\, and 
the result is obvious. 

Assume codim^^ > 0. Let Y be the closure of the image of Specif in 
X. Since we are assuming that k is perfect, Y is generically smooth over 
Spec k. By restricting to a neighborhood of the generic point of Y, we may 
assume that Y is contained in a smooth hypersurface X' of X. Denote by 
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y and X' the inverse images in X of Y and X' respectively. Set R = 0x,y 
and call X the pullback of X to R. Then we can apply Theorem l5.11l to the 
gerbe Xr — > Speci? and conclude that 

edfc(x') -^fc(x') - e dfc(x) <*fc(x)- 
Using the inductive hypothesis we have 

ed£ < edfc(x') Xk(x/) + dimX' — codim^/ £ 

< ed fc ( X ) X k( x) + dimX - 1 - codim^/ £ 

< ed fc (x) X k QQ + dim X - codim* £. 4 

6. A GENERICITY THEOREM FOR A SMOOTH DELIGNE-MUMFORD STACK 

It is easy to see that Theorem 15.131 fails if X is not assumed to be a gerbe. 
In this section we will use Theorem l5.13l to prove the following weaker result 
for a wider class of Deligne-Mumford stacks. 

Recall that a Deligne-Mumford stack X over a field k is tame if the order 
of the automorphism group of any object of X over an algebraically closed 
field is prime to the characteristic of k. 

Theorem 6.1. Let X be a smooth integral tame Deligne-Mumford stack 
locally of finite type over a perfect field k. Then 

ed X = ed fc (x) #fc(x) + dim X. 

Here the dimension of X is the dimension of the moduli space of any 
non-empty open substack of X with finite inertia. 

Before proceeding with the proof, we record two immediate corollaries. 

Corollary 6.2. // X is as above and hi is an open dense substack, then 
ed fc M = ed k U. 4 

Corollary 6.3. If the conditions of the Theorem \6.1\ are satisfied, and the 
generic object of X has no non-trivial automorphisms (i.e., X is an orbifold, 
in the topologists' terminology), then ed k X = dim X. 

Proof. Here the generic gerbe Xk is a scheme, so ed^ Xk = dim^f . 4 

Proof of Theorem \6.1[ The inequality ed X > ed^(x) ^fc(x) + dim X is obvi- 
ous: so we only need to show that 

(6.1) ed £ < ed fc (x) X k( x) + dim X 

for any field extension L of k and any object £ of X (L). 

First of all, let us reduce the general result to the case that X has fi- 
nite inertia. The reduction is immediate from the following lemma, that is 
essentially due to Keel and Mori. 

Lemma 6.4 (Keel-Mori). There exists an integral Deligne-Mumford stack 
with finite inertia X' , together with an etale representable morphism of finite 
type X' — > X, and a factorization SpecL — > X' — > X of the morphism 
SpecL — > X corresponding to £. 
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Proof. We follow an argument due to Conrad. By [Con} Lemma 2.2] there 
exist 

(i) an etale representable morphism W — » X such that every morphism 
SpecL — » X, where L is a field, lifts to SpecL — > W, and 

(ii) a finite flat representable map Z — > W, where Z is a scheme. 

Condition (ii) implies that W is a quotient of Z by a finite flat equivalence 
relation Z xyy Z =4 Z, which in particular tells us that W has finite inertia. 
We can now take X' to be a connected component of W containing a lifting 
SpecL -> W of SpecL -» X. * 

Suppose that we have proved the inequality (|6.ip whenever A' has finite 
inertia. If denote by £' the object of A" corresponding to a lifting Spec L — > 
X', we have 

ed£ < ed£' < ed A(X ') <^( X ')- 

On the other hand, the morphism <^( X ') ~~ * ^fc(x) induced by the etale 
representable morphism X' ^ X is representable with fibers of dimension 0, 
hence 

ed fc( x') ^(x') = ed fc(x) Kpt') ^ ed fc(x) <*fc(x) 

by Theorem 13.21 (the first equality follows immediately from the fact that 
the extension fc(X) C fc(X') is finite). 

So, in order to prove the inequality (|6,ip we may assume that <Y has 
finite inertia. Denote by Y C X the closure of the image of the composite 
SpecL — ► X — > X, where SpecL — > corresponds to £, and call 3^ the 
reduced inverse image of Y in Af . Since fc is perfect, 3^ is generically smooth; 
by restricting to a neighborhood of the generic point of Y we may assume 
that y is smooth. 

Denote by N — * y the normal bundle of y in X. Consider the defor- 
mation to the normal bundle <f>: A4 — > for the embedding y ^ X . This 
is a smooth morphism such that <^ _1 Ajf, = X Xspeck Aj|. and _1 (oo) = J\f, 
obtained as an open substack of the blow-up of X xs pec fc ^\ along y x {oo} 
(the well-known construction, explained for example in }Ful98l Chapter 5], 
generalizes immediately to algebraic stacks). Denote by A4° the open sub- 
stack whose geometric points are the geometric points of A4 with stabilizer 
of minimal order (this is well defined because Ai has finite inertia). 

We claim that M° n J\f ^ 0. This would be evident if X were a quotient 
stack [V/ G] , where G is a finite group of order not divisible by the character- 
istic of k, acting linearly on a vector space V, and y were of the form [X/G], 
where W is a G-invariant linear subspace of V. However, etale locally on 
X every tame Deligne-Mumford stack is a quotient [X/G], where G is a 
finite group of order not divisible by the characteristic of k (see, e.g., [AV02, 
Lemma 2.2.3]). Since G is tame and X is smooth, it is well known that 
etale-locally on X, the stack X has the desired form, and this is enough to 
prove the claim. 
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Set M° = M° n M. The object £ corresponds to a dominant morphism 
SpecL — > 3^. The pullback J\f Xy SpecLT is a vector bundle V over SpecL, 
and the inverse image TV xy SpecL of J\f° is not empty. We may assume 
that L is infinite; otherwise ed£ = and there is nothing to prove. As- 
suming that L is infinite, A/" xy SpecL has an L-rational point, so there 
is a lifting SpecL — » M° of SpecL — ► y, corresponding to an object rj of 
AA°(SpecL). Clearly the essential dimension of £ as an object of X is the 
same as its essential dimension as an object of y, and ed£ < edrj. Let us 
apply Theorem l5.13l to the gerbe A4°. The function field of the moduli space 
M of M. is k(K)(t), and its generic gerbe is Xux\r t y, by Proposition 12.81 we 
have edfc( X )(<) #fc(x)(t) < ed fe(X ) <*fc(x)> The composite SpecL -> A/" C M° 
has codimension at least 1, hence we obtain 

ed£ < ed fc (x)(t) <*fc(X)(t) + dimM 
< ed fc(X ) Xk{X) + dimX + 1. 

This concludes the proof. 4k 

Example 6.5. The following examples show that Corollary 16.31 (and thus 
Corollary 16.21 and Theorem 16. lj) fail for more general algebraic stacks, such 
as (a) singular Deligne-Mumford stacks, (b) non Deligne-Mumford stacks, 
including quotient stacks of the form [W/Cr], where W is a smooth com- 
plex affine variety with an action of a connected complex reductive linear 
algebraic group G acting on W. 

(a) Let r, n > 2 be integers. Assume that the characteristic of k is prime 
to r. Let W C A n be the Fermat hypersurface defined by the equation 
x\ + ■ ■ ■ + x r n = and A C A n be the union of the coordinate hyperplanes 
defined by X{ = 0, for i = 1, . . . , n. The group G := fi™ acts on A n via the 
formula 

(si , . . . , S n ) {x\ , . . . , X n ) — (yS\X\ , . . . , S n Xfi) , 

leaving W and A invariant. Let X := [W/G]. Since the G-action on W \ A 
is free, X is generically an affine scheme of dimension n — 1. On the other 
hand, [{0}/G] — £>&/x™ is a closed substack of X of essential dimension n; 
hence, ed(X) > n. 

(b) Consider the action of G = GL n on the affine space M of all n x n- 
matrices by multiplication on the left. Since G has a dense orbit, and the 
stabilizer of a non-singular matrix in M is trivial, we see that [M/G] is 
generically a scheme of dimension 0. On the other hand, let Y be the locus 
of matrices of rank n — 1, which is a locally closed subscheme of M. There 
is a surjective GL n -equivariant morphism Y — > P n_1 , sending each matrix 
of rank n — 1 to its kernel, which induces a morphism [V/G] — > P n_1 . If L 
is an extension of C, every L-valued point of P n_1 lifts to an L-valued point 
of Y. Hence, 

ed [M/G] > ed [Y/G] > n - 1 . 
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As an aside, we remark that a similar argument with Y replaced by the locus 
of matrices of rank r, shows that the essential dimension of [M/G] is in fact 
the maximum of the dimensions of the Grassmannians of r-planes in C n , as 
r ranges between 1 and n — 1, which is n 2 /4 if n is even, and (n 2 — l)/4, if 
n is odd. 

Question 6.6. Under what hypotheses does the genericity theorem hold? 
Let X — > Spec k be an integral algebraic stack. Using the results of jLMBOO, 
Chapter 11], one can define the generic gerbe Xk Spec K of X, which 
is an fppf gerbe over a field of finite transcendence degree over k. What 
conditions on X ensure the equality 

edfc X = edx Xk + tr deg fc K ? 

Smoothness seems necessary, as there are counterexamples even for Deligne- 
Mumford stacks with very mild singularities; see Example 16.5( a). We think 
that the best result that one can hope for is the following. Suppose that X is 
smooth with quasi-affine diagonal, and let £ G X (Spec L) be a point. Assume 
that the automorphism group scheme of £ over L is linearly reductive. Then 
ed £ < ed.K Xk + tr deg fc K . In particular, if all the automorphism groups 
are linearly reductive, then ed X = edx Xk + trdeg fc K. 

7. The essential dimension of Mg tTl for (g, n) ^ (1,0) 

Recall that the base field k is assumed to be of characteristic 0. 

The assertion that ed M g , n = ed M. g , n whenever 2g — 2 + n > is an 
immediate consequence of Corollary 16.21 Moreover, if g > 3, or g = 2 and 
n > 1, or g = 1 and n > 2, then 

ed k M g , n = ed fc M g , n = 3g-3 + n. 

Indeed, in all these cases the automorphism group of a generic object of 
M g ,n is trivial, so the generic gerbe is trivial, and edA^n = dimA^n by 
Corollary 16.31 

The remaining cases of Theorem II .21 with the exception of (g, n) = (1,0), 
are covered by the following proposition. The case where (g, n) = (1, 0) 
requires a separate argument which will be carried out in the next section. 

Proposition 7.1. 

(a) edM ,i =2, 

(b) ed Af ,i = ed Al ,2 = 0, 

(c) edA4i|i = 2, 

(d) edM 2 ,o = 5. 

Proof, (a) Since A^^o — <6fcPGL2, we have edAlo.o = edPGL2 = 2, where 
the last inequality is proved in [ReiOO, Lemma 9.4 (c)] (the argument there 
is valid for any field k of characteristic ^ 2). 

Alternative proof of (a): The inequality ed A4o,o < 2 holds because every 
smooth curve of genus over a field K is a conic C in ¥ K . After a change 
of coordinates in F K we may assume that C is given by an equation of the 
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form ax 2 + by 2 + z 2 = for some a, b € K, and hence descends to the field 
k(a, b) of transcendence degree < 2 over k. The opposite inequality follows 
from Tsen's theorem. 

(b) A smooth curve C of genus with one or two rational points over an 
extension K of k is isomorphic to (PLO) or (PjLO, oo). Hence, it is defined 
over k. 

Alternative proof of (b): Aio,2 = £>fcG m and .Mo,i = £>fc(G m x G a ), and 
the groups G m and G m >< G a are special (and hence have essential dimension 
0). 

(c) Let — > denote the map given by the j-invariant and let X 
denote the pull-back of M\ t \ to the generic point Specfe(j) of A 1 . Then 
X is banded by fi 2 an d is neutral by jSil86, Proposition 1.4 (c)], and so 
ed fc X = edfcjj) X + 1 = edB k ^fJ, 2 + 1 = 2. 

(d) is a special case of Theorem 17.21 below, since TL2 = M2,o- 4* 

Let H g denote the stack of hyperelliptic curves of genus g > 1 over a 
field k of characteristic 0. This must be defined with some care; defining 
a family of hyperelliptic curves as a family C — > S in M. g .o whose fiber 
are hyperelliptic curves will not yield an algebraic stack. There are two 
possibilities. 

(a) One can define TL g as the closed reduced substack of M. g whose geometric 
points corresponds to hyperelliptic curves. 

(b) As in |AV 04] . an object of 7i g can be defined as two morphisms of 
schemes C — > P — > S, where P — > S is a Brauer-Severi, C — > P is 
a flat finite finitely presented morphism of constant degree 2, and the 
composite C — > S is a smooth morphism whose fibers are connected 
curves of constant genus g. 

We adopt the second definition; TL g is then a smooth algebraic stack of 
finite type over k (this is shown in [AV04] ) . Furthermore, there is a natural 
morphism Ti g — > A^ g ,o, which sends C — > P — > 5 into the composite C — ► 5. 
This morphism is easily seen to be a closed embedding. Hence the two stacks 
defined above are in fact isomorphic. 

_ , „ , I 2q if q > 3 is odd, 

Theorem 7.2. edH g = I 

I 2g + 1 if g > 2 is even. 

Proof. Denote by H g the moduli space of H g ; the dimension of TL g \s2g — l. 

Let K be the field of rational functions on H 9 , and denote by {T~i g )K = 
Specie Xh 9 Ti g the generic gerbe of TL g . From Theorem 16.11 we have 

ed H g = 2g - 1 + ed K {U g )K, 

so we need to show that edxCH^x is 1 if g is odd, 2 if g is even. For this 
we need some standard facts about stacks of hyperelliptic curves, which we 
will now recall. 
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Let T> g be the stack over k whose objects over a /c-scheme S are pairs 
(P — > S,A), where P — > S is a conic bundle (that is, a Brauer-Severi 
scheme of relative dimension 1), and A C P is a Cartier divisor that is etale 
of degree 2g + 2 over 5. Let C — > P — > 5 be an object of denote by 
A C P the ramification locus of it. Sending C — > P — > S 1 to (P — ► S, A) 
gives a morphism H 9 — > £> 9 . Recall the usual description of ramified double 
covers: if we split tt^Oq as Op (B L, where L is the part of trace 0, then 
multiplication yields an isomorphism L® 2 ~ 0p(— A). Conversely, given an 
object (P — > S, A) of T)g(S) and a line bundle L on P, with an isomorphism 
L® 2 ~ Op (—A), the direct sum Op © L has an algebra structure, whose 
relative spectrum is a smooth curve C — > 5 with a flat map C — > P of 
degree 2. 

The morphism W 5 — > H 9 factors through and the morphism 2? 5 — > 
H 9 is an isomorphism over the non-empty locus of divisors on a curve of 
genus with no non-trivial automorphisms (this is non-empty because g > 2, 
hence 2g + 2 > 5). Denote by (P — > Spec K, A) the object of P 3 (Speci^) 
corresponding to the generic point Specif — * H g . It is well-known that 
P(K) = 0; we give a proof for lack of a suitable reference. 

Let C be a conic without rational points defined over some extension L of 
k. Let V be the L-vector space H°(C, )' denote the function field of 

V by P = £(V). Then there is a tautological section a of H°(Cp, w c ~^, ) = 

H°(C, <g> L P. Note that C F (F) = 0, because the extension L C P is 

purely transcendental. The zero scheme of <r is a divisor on Cp that is etale 
over SpecP, and defines a morphism Cp — > P 9 . This morphism is clearly 
dominant: so K C P, and Cp = P Xs pec L SpecP. Since Cp(F) = we 
have P{K) = 0, as claimed. 

By the description above, the gerbe { / H 9 )k is the stack of square roots of 
Op(— A), which is banded by /i 2 . When g is odd then there exists a line 
bundle of degree g + 1 on P, whose square is isomorphic to Op(— A); this 
gives a section of (TCg)K, which is therefore isomorphic to Bk^2i whose es- 
sential dimension over K is 1. If (7 is even then such a section does not exist, 
and the stack is isomorphic to the stack of square roots of the relative dual- 
izing sheaf tdp/K (since Op/p;( — A) ~ w p/]p anc ^ 5 + 1 is odd), whose class in 
H 2 (K, /x 2 ) represents the image in H 2 (K, /x 2 ) of the class [P] in H 1 (X, PGL 2 ) 
under the non-abelian boundary map ^(K, PGL 2 ) — ► H 2 (K, (i 2 )- Accord- 
ing to Theorem 11.31 its essential dimension is the index of [P] , which equals 
2. A 



The results above apply to more than stable curves. Assume that we 
are in the stable range 2g — 2 + n > 0. Denote by 9Jt 9 ,n the stack of all 
reduced n-pointed local complete intersection curves of genus g. This is the 
algebraic stack over Spec/c whose objects over a /c-scheme T are finitely pre- 
sented proper flat morphisms C — ► T, where C is an algebraic space, whose 
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geometric fibers are connected reduced local complete intersection curves of 
genus g, together with n sections T — > C whose images are contained in the 
smooth locus of C — > T. We do not require the sections to be disjoint. 

The stack 9Jt 9i „ contains M.g :U as an open substack. By standard results 
in deformation theory, every reduced local complete intersection curve is 
unobstructed, and is a limit of smooth curves. Furthermore there is no ob- 
struction to extending the sections, since these map into the smooth locus. 
Therefore 9# g ,n is smooth and connected, and M g , n is dense in Wl 9tn . How- 
ever, the stack 9JI g , n is very large (it is certainly not of finite type), and in 
fact it is very easy to see that its essential dimension is infinite. However, 
consider the open substack consisting of objects whose automorphism 
group is finite. Then VJi^ n n is a Deligne-Mumford stack, and Theorem 16.11 
applies to it. Thus we get the following strengthened form of Theorem 11.21 
(under the assumption that 2g — 2 + n > 0). 

Theorem 7.3. // 2g — 2 + n > and the characteristic of k is 0, then 



edajtj* 



2 if(g,n) = (1,1), 

5 if fan) = (2,0), 

3g — 3 + n otherwise. 



It is not hard to show that SOtj^ does not have finite inertia. 



8. Tate curves and the essential dimension of Mip 

In this section we will finish the proof of Theorem 11.21 by showing that 
ed-M^o = +oo. 

We remark that the moduli stack Mifi of genus 1 curves should not 
be confused with the moduli stack M.\^\ of elliptic curves. The objects of 
Mifi are torsors for elliptic curves, where as the objects of M.\^\ are elliptic 
curves themselves. The stack -Mi 5 i is Deligne-Mumford and, as we saw in 
the last section, its essential dimension is 2. The stack M.\$ is not Deligne- 
Mumford, and we will now show that its essential dimension is oo. 

Let R be a complete discrete valuation ring with function field K and 
uniformizing parameter q. For simplicity, we will assume that char if = 0. 
Let E = E q /K denote the Tate curve over K |Sil86[ §4]. This is an elliptic 
curve over K with the property that, for every finite field extension L/K, 
E(L) = L* /q z . It follows that the kernel E[n] of multiplication by an integer 
n > fits canonically into a short exact sequence 

(8.1) — > n n — ► E[n] — ► Z/n — > 0. 

Let d: H°(K, Z/n) — ► ^(K, fi n ) denote the connecting homomorphism. 
Then it is well-known (and easy to see) that (9(1) = q G H^/xJ ^ 
K*/(K*) n . 
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Lemma 8.1. Let E = E q be a Tate curve as above and let I be a prime 
integer not equal to char R/q. Then, for any integer n > 0, 

edE[l n ] = l n . 

Proof. First observe that E[l n ] admits an P-dimensional generically free rep- 
Elr 1 ! 

resentation V = Ind M( „ x, over K, where x : A 4 ;™ - ► G m is the tautological 
character. Thus, 

edBE[l n ] < dim(V) = l n ; 

see |BR97l Theorem 3.1] or [BF031 Proposition 4.11]. 
It remains to show that 

(8.2) edE[l n ]>l n . 

Let R' = iJfl 1 /'"] with fraction field K' = Kfl 1 /'"]. Since I is prime to the 
residue characteristic, R' is a complete discrete valuation ring, and the Tate 
curve Eg/K' is the pullback to K' of E q /K. Since ed(E q /K') < ed(E q /K), 
it suffices to prove the lemma with K' replacing K. In other words, it suffices 
to prove the inequality (|8.2p under the assumption that K contains the P-th 
roots of unity. 

In that case, we can pick a primitive P-th root of unity £ and write /x^n = 
Z/P. Let L = K(t) and consider the class (t) G H^L,/^) = L*/(L*) n . It 
is not difficult to see that 

d(t)=qU(t). 

Since the map a i— ► all (t) is injective by cohomological purity, the exponent 
of g U (t) is P. Therefore ind(g U (t)) = P. Then, since dimZ/P = 0, 
Corollary 14.21 applied to the sequence (18. ip implies that edBE[l n ] > l n , as 
claimed. 4 

Theorem 8.2. Let E = E q denote the Tate curve over a field K as above. 
Then edx E = +oo. 

Proof. For each prime power P, the morphism BE[l n ] — > BE is representable 
of fiber dimension 1. By Theorem 13.21 

edE > edBE[l n ] = P - 1 

for every n > 1. 4jk 

Remark 8.3. It is shown in [BS08] that if A is an abelian variety over k 
and A; is a number field then ed^ A = +oo. On the other hand, if k = C is 
the field of complex numbers then edc(^4) = 2dim(^4); see |Bro07| . 

Now we can complete the proof of Theorem 11.21 

Theorem 8.4. Let k be a field. Then ed^-M^o = +oo. 

Proof. Set F = k((t)). By Proposition ES ed F (Mi, ® fc F) < ed k Mi, , so 
it suffices to show that edp(A1i ) o <8>fc F) is infinite. Consider the morphism 
■A4i,o — * M\ t i which sends a genus 1 curve to its Jacobian. Let E denote the 
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Tate elliptic curve over F, which is classified by a morphism Speci 7 — > M.\^\. 
We have a Cartesian diagram: 

B k E vMx,o ® k F 

SpecF ® k F. 

It follows that the morphism B k E — ► «Mi o is representable, with fibers of 
dimension < 0. Applying Theorem 13.21 once again, we see that 

+oo = ed BfE < edF(Mi y o <8>fc F) < ed fc M\,o , 

as desired. A 



9. Appendix: Essential dimension of moduli of abelian 
varieties. By Najmuddin Fakhruddin 

In Theorem II .21 Brosnan, Reichstein and Vistoli compute the essential di- 
mension of various moduli stacks of curves as an application of their "gener- 
icity theorem" for the essential dimension of smooth and tame Deligne- 
Mumford stacks. Here we use this theorem to compute the essential dimen- 
sion of some stacks of abelian varieties. Our main result is: 

Theorem 9.1. Let g > 1 be an integer, A g the stack of g-dimensional 
principally polarised abelian varieties over a field K and B g the stack of all 
g-dimensional abelian varieties over K. 

(1) If char(K) = then edA g = g(g + l)/2 + 2 a = edB g , where 2 a is 
the largest power of 2 dividing g. 

(2) If char(ET) = p > and p \ \Sp2 g (%</£%<)\ for some prime t > 2 then 
edA g = g(g + l)/2 + 2 a with a as above. 

For g odd this result is due to Miles Reid. 

We do not know if the restriction on char(i^) is really necessary; in The- 
orem E21 w e show by elementary methods that for g = 1 it is not. 

The main ingredient in the proof, aside from Theorem 16 .1\ is: 

Theorem 9.2. Let K be a field with char(i^) ^ 2 and let lZ g be the moduli 
stack of (connected) etale double covers of smooth projective curves of genus 
g with g > 2 over K. Then the index of the generic gerbe oflZ g is 2 b , where 
2 b is the largest power of 2 dividing g — 1 . Furthermore, if lZ g is tame then 
edTZg = 3#-3 + 2 b . 

The two theorems stated above are connected via the Prym map TZ g +i — * 

Ag. 
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9.1. It is easy to get an upper bound on the index of the generic gerbe of 
A 9t d over any field. This gives an upper bound on the essential dimension 
whenever A 9t d is smooth and tame. 

Proposition 9.3. Let d > be an integer and A 9t d the moduli stack of 
abelian varieties with a polarisation of degree d over K . Then 

(1) The index of the generic gerbe of each irreducible component of A g> d 
is < 2 a if char (K) ^ 2. If char {K) = 2 then the generic gerbes are 
all trivial. 

(2) If p = char(K) > assume that p \ d ■ \GL 2g (Z/a)\ (orifd=l,p\ 
\Sp 2g (Z/eZ)\) for some primely 2. ThenedA 9td < g(g + l)/2 + 2 a . 

Proof. For any g, d, A 9t d is a Deligne-Mumford stack over K with each 
irreducible component of dimension g(g + l)/2 (see [NO80] for the case 
char (K)\d). It is a consequence of a theorem of Grothendieck [Qor7H Theo- 
rem 2.4.1], that if p \ d then A g< d is smooth. Furthermore, lip \ |GL2 9 (Z/^Z)[ 
(or if d = 1, p \ \Sp2 g (Z/£Z)\) for t as above then A 9) d is also tame. By 
Theorem 16. II we see that (2) follows from (1). 

Assume char(i^) 7^ 2. The generic gerbe is a gerbe banded by Z/2Z = fi 2 
so the index is a power of 2. The Lie algebra Lie 9t d of the universal family 
of abelian varieties over A 9t d is a vector bundle of rank g on which the 
automorphism x —x of the universal family induces multiplication by 
—1. So Lie 9t d gives rise to a twisted sheaf (see e.g. [Lie08l Section 3]) on the 
generic gerbe of each component, hence the index divides g. We conclude 
that the index divides the largest power of 2 dividing g i.e. 2 a . 

For any field L of characteristic 2, H 2 (L, Z/2Z) = so the generic gerbes 
above are all trivial if char(ivT) =2. 4k 

If g is odd then it follows that edA 9i d = g(g + l)/2 whenever A g ^ is tame 
and smooth; this was first proved by Miles Reid using Kummer varieties. 
For even g we now use Theorem 19.21 which we will prove later, to complete 
the proof of Theorem 19.11 

Proof of Theorem \9.2\ implies Theorem \9.1\ We may assume that g > 1 since 
it is known that if g = 1 then edA g (= B g ) = 2 (by Theorem 11.21 or Section 

We first recall the construction of the Prym map P : Hg+1 ~ * A g . 

Let / : X — > S be a family of smooth projective curves of genus g + 1 
and let it : Y — > X be a finite etale double cover (so that the fibres of the 
composite morphism f':Y^>S are smooth projective curves of genus 2g + 
1). Let Pic^ s , Picy^ s be the corresponding relative Jacobians and let N : 

PiCy/g —> Pic^ s be the norm map. The identity component of the kernel of 
N is an abelian scheme Prym(Y/X) over S of relative dimension g and the 
involution of Y over X induces an automorphism of PiCy/g which restricts to 
multiplication by —1 on Prym(Y/X). Furthermore, the canonical principal 
polarisation on Picy^ s restricts to 2A, where A is a principal polarisation 
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on PrymiY/X). Then P is given by sending (/ : X — > S, vr : Y — ► X) 
to (Prym(Y/X) — > S,X). The coarse moduli space R s +i of TZ g +i is an 
irreducible variety and P induces a morphism, which we also denote by P, 

Rg + l -> Ag. 

Let A' g be the open subvariety of A g corresponding to principally po- 
larised abelian varities A with Aut(A) = {±Id}. Then ^4 9 |a ; — * A' g is a fi2 
gerbe. Since P(R s+ i) PI ^ it follows that the generic gerbe of TZ g +i is 
isomorphic to A g xa 9 Spec K(R g+ i). Since the index at the generic point 
of an element of the Brauer groups of a smooth variety is greater than or 
equal to the index at any other point, it follows that the index of the generic 
gerbe of A g is greater than or equal to the index of the generic gerbe of 
Hg+i- By Theorem 19.21 the latter index is 2 a and then using Proposition 
19.31 we deduce the first equality of Theorem 19. II (1) and also (2), since A g is 
tame whenever p\ \Sp2 g {% / for some prime 1^2. 

Now suppose char(ET) = and let A be any abelian variety of dimension g 
over an extension field L of K. Since A is projective, it follows that A has a 
polarisation of degree d for some d > and hence corresponds to an object of 
A g d(L). By Proposition 19.31 it follows that A together with its polarisation 
can be defined over a field of transcendence degree < g(g + l)/2 + 2 a over 
K, hence edB g < g(g + l)/2 = 2 a . A principally polarised abelian variety 
A over L such that the image of Spec L in A g is the generic point has a 
unique polarisation which is defined whenever the abelian variety is defined. 
It then follows from the previous paragraph that there exists an abelian 
variety defined over an extension of transcendence degree g(g + 1) + 2 a 
over K which cannot be defined over a subextension of lesser transcendence 
degree. This proves the second equality of Theorem 19.11 (1). 4k 

9.2. For any morphism / : X — > S, we denote by Picx/s the relative 
Picard functor [BLR9CH Chapter 8]. If Picx/s i s representable we use the 
same notation to denote the representing scheme and if S = Spec(K) is a 
field we drop it from the notation. 

We recall from 151. R!M). Chapter 8, Proposition 4] that if / is proper and 
cohomologically flat in dimension 0, then for any S'-scheme T we have a 
canonical exact sequence 

(9.1) -» Pie(T) -> Pic(X x s T)^ Pic x/S (T) Br(T) -» Br(X x T) 

so S(t) € Br(T), for r E Picxy,s(T), is the obstruction to the existence of a 
line bundle C on X xg T representing r. 

If X is a smooth projective curve over a field, then using the morphisms 
Sym d (X) — > Pic^- for d > 0, the Riemann-Roch theorem and Serre duality 
one sees that the index of S(t) divides x( T ) = deg(T) + 1 — 9- Since 5 is 
a homomorphism it follows that if r is of order m then the order of 5(t) 
divides m. We deduce that in this case the index of 5(t) divides the largest 
integer dividing g — 1 all of whose prime divisors also divide m. Note that 
if g = 1 then we do not get any bound on the index 
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9.3. Let A be an abelian variety over a field K, let r € Vic° x (K), let 
€ H 1 ^, A) and let P be the ^4-torsor corresponding to 9. Since Picp is 
canonically isomorphic to Pic^, we may view r as an element Tp of Picp(-KT). 

Lemma 9.4. With the notation as above, the subgroups ofHr(K) generated 
by 5(rp) and 8(9) are equal, where 8 is the boundary map in the long exact 
sequence of Galois cohomology corresponding to the extension of commuta- 
tive group schemes 

l-*G m ->£->4->0 
associated to r via the isomorphism V\c\(K) = Ext 1 (A,G m ). 

Proof. We first remark that bundle on A, S is just the complement 

of the zero section of C, where C is the line bundle on A corresponding to r 
(see e.g. |Mum701 Theorem 1, p. 225]). 

Now let L be any field extension of K. If S(t p ) = in Br(L) then Tp is 
represented by a line bundle C on Pl. Using the remark above, one sees 
that Q, the complement of the zero section in C, is an S^-torsor such that 
Qx Sl A l = P L . This implies that 8(9) = in Br(L). Conversely if 8(9) = 
in Br(L) then there is a (unique) .S^-torsor Q such that Qx$ l Al = Pl. This 
gives a G m bundle over Pl and hence a line bundle on Pl which represents 
Tp, so we must have 5(t p ) = in Br(L). 

It follows that the splitting fields of d(9) and 5(rp) are the same, hence 
the two elements must generate the same subgroup in Br(i^). A 

It is very likely that 5(tp) and 8(9) are equal, at least upto sign, but we 
shall not need this. 

9.4. Given a smooth projective curve over a field K and an element r of 
V\cx(K), one may ask how large the index of 5(r) can be. In the case that 
r is torsion, the theorem below shows that the best upper bound on the 
index which is valid over all fields is the one given in Section I9.2L 

Theorem 9.5. Let g > be an integer, n > an integer such that n divides 
g — 1 and char(i^) { n, and m > such that m\n and m,n have the same 
prime factors. Then there exists an extension L of K, a smooth projective 
curve X of genus g over L with Aut(X L ~) = {Id} if g > 2, and an element 
t of order m in Picx(^) such that the index of 5(t) is n. 

The theorem for all g will be deduced from the slightly stronger result 
below for g = 1. 

Proposition 9.6. Let n > be an integer such that char(i^) { n and m > 
such that m\n and m,n have the same prime factors. Then there exists an 
extension M of K , a smooth projective geometrically irreducible curve P of 
genus 1 over M and an element a of order m in Picp(M) such that the index 
of 5(a) is n. Furthermore, there exists an extension M' of M of degree n 
such that P(M') is infinite. 
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Proof. We first replace K by K(s, t) where s, t are inderminates. We fix 
an isomorphism fj, n = Z/nZ which we use to identify all /i® 1 , i G Z. For 
the elements (s),(t) G H l (K,^ n ) consider a = (s) U (t) G H 2 (K,fj,® 2 ) 
H 2 (K, fj, n ) = n Br(A'). It is well known and easy to see that this element of 
Br(A') has both order and index equal to n. Let K' be the function field 
of the Brauer-Severi variety corresponding to the division algebra over K 
representing ma. By a theorem of Amitsur [Ami55j Theorem 9.3] the image 
of a in Br(A') has order m and by a theorem of Schofield and Van den 
Bergh [SVdB92, Theorem 2.1] its index is still n. 

Let M be the field of Laurent series K'{(q)) and let E be the Tate elliptic 
curve over M associated to the element sq n G M x . For any finite extension 
M' of M there is a canonical Galois equivariant isomorphism 

E(M') M' x /(sq n ) . 

From this we get a canonical exact sequence 

1 -» Mn -> #H -» Z/nZ -> 

where 1 G Z/nZ is the image of any ra'th root of sq 11 in M' . For any 
G H 1 (M , Ij / nZ,) , one easily checks using the definitions that 9(0) G 
H 2 (M,/j, n ) = H 2 (M,^ n <g) Z/nZ) is equal to (s) U 0, where 9 denotes the 
boundary map in the long exact sequence of Galois cohomology associated 
to the above short exact sequence of Galois modules. It follows that if we 
identify (t) G H 1 (M, /i„) with an element of ^(M, Z/nZ) using our chosen 
isomorphism Z/n = /i„, then /3 := d((t)) = (s) U (t) G H 2 (K,fi n ) C Br(M). 
Thus /? also has order m and index n (since the index is the smallest dimen- 
sion of a linear subvariety of the Brauer-Severi variety and such varieties are 
preserved by specialisation). In particular, it is in the image of the inclusion 
map H l {M,ii m ) -» H^M,^). 

Let E' be the quotient of E by (j, m , so E' is also an elliptic curve over M. 
Let I n C E'[n] be the image of E[n], so we have exact sequences 

1 -> fj, m -> S[n] -> I n -> and 1 -> /x n / m Z/n -> . 

By construction, the boundary map of the second sequence maps the element 
(t) G H l {M, Z/n) to in F X (M, /x n / m ), hence (t) lifts to an element 7 G 
H 1 (M,I n ). Clearly 7 is mapped to (3 G H 2 (M, /j, m ) by the boundary map 
of the first exact sequence. 

Now let M' = ^/(t 1 /™) = K'(t l l n )((q)). The restriction of 7 in H 1 ^', I n ) 
goes to in iI 1 (M / , Z/nZ) by construction, hence it comes from an element 
of H 1 ^', /jL n / m ). We have a commutative diagram 

H 1 (M ' , Mn) ^ il 1 (M', 



H\M', Mm ) >H\M',E>) 
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where the vertical maps are induced by quotienting by fi m . The first vertical 
map is surjective and the inclusion \i n — ► E(M') factors as \x n — > M' — » 
E(M'), so it follows from Hilbert's Theorem 90 that the bottom horizontal 
map is zero. Therefore 9, the image of 7 in H 1 (M, E'), restricts to in 
H X (M',E'). 

Let P be the ^'-torsor corresponding to 9, so Picp is canonically isomor- 
phic to E' . The image of E[m] in E' is naturally isomorphic to Z/mZ; let 
a denote 1 G Z/mZ C E'{M) = Picp(M). Pushing out the exact sequence 

l^fi m ^E^E'^0 

via the inclusion /x m — > G m we get an exact sequence 

1 -> G m -► 5 -» £' -► 

whose class in Ext 1 (E' , G m ) generates the kernel of the map 
Ex^lE^m). Under the canonical isomorphisms Ext 1 (E',G m ) = Pie|,(M) = 
E'(M), 1 G Z/mZ C E'(M) is a generator of the above kernel, so it follows 
that the two elements generate the same subgroup of Ext 1 (E', G m ). 

It now follows from Lemma 19.41 that 5(a) and (3 generate the same sub- 
group of Br(M); in particular, 5(a) has index n. Since 9 becomes in 
H l (M',E'), it follows that P M > = E' M ,. Since E'(M) is infinite, so is E(M') 
and therefore also P(M') 

We conclude that M, P, a and M' satisfy all the conditions of the propo- 
sition. 4 

Proof of Theorem \9.5[ If g = 1 the result follows from Proposition 19.61 so we 
may assume that g > 1. 

Let r = g — 1/n and let M, P, a and M' be as in Proposition 19.61 Note 
that since the index of 5(a) is re, any closed point of P must have degree 
divisible by re. Let pi,p%, ■ ■ ■ ,p r be distinct closed points of P of degree re 
and let Y be the stable curve over M obtained by gluing two copies of P 
along all the pi's, i.e. the pi in one copy is identified with the pi in the other 
copy using the identity map on residue fields. The arithmetic genus of Y is 
1 + 1+rre — l = l + rre = (jr. Using the natural map it : Y — > P which is the 
identity on both components, we get a morphism tt* : Picp — > Picy and we 
let a' = n*(a) G Picy(M). Note that 5(a) = 5(a') G Br(M). 

Let R = M[[x]] and let / : Y — » Spec i? be a generic smoothing of Y. 
So Y is a regular scheme and / is a flat proper morphism with closed fibre 
equal to Y (see for example [DM69, Section 1]). By a theorem of Raynaud 
|Ray70 Theoreme 8.2.1], Pic^ m is representable by a separated and smooth 



group scheme of finite type over R. Since char(M) { m, the endomorphism 
of PicY/p given by multiplication by m is etale. Since R is complete, it 



rn. 



follows that a 1 can be lifted to an element a in Pic Y/ /p(-R) of order 

Consider 5(cr) G Br(i?). Since Br(i?) = Br(M), we see by the functoriality 
of the exact sequences in (19. lj) that 5(a) = 5(a') = 5(a). 
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Now let L = M((x)), let X be the generic fibre of / and let r be the 
restriction of cr in Pic^(-L); by the genericity of the deformation it follows 
that Aut(Xj^) = {Id} if g > 2. Again by the functoriality of the exact 
sequences in (|9.ip we see that 5(t) is the image of 5(a) = 5(a) in Br(L). 
Thus 5(t) has index n as required. 4k 

Theorem 19.21 is a simple consequence of Theorem 19.51 

Proof of Theorem \9.SX Since lZ g is a smooth irreducible Deligne-Mumford 
stack of dimension 3g — 3, it follows from Theorem 16 . 1 1 that to compute edTZ g 
when lZ g is tame it suffices to compute the index of the generic gerbe. 

The coarse moduli space R 5 of lZ g is generically a fine moduli space 
parametrizing smooth projective curves X of genus g over S with a non- 
trivial element of order 2 of Vicx/si^)- Thus over the generic point Spec K(R g ) £ 
R s we have a smooth projective curve C of genus g and an element a £ 
V\cc(K(YL g )) of order 2. It follows that the element of Br(if(R 5 )) repre- 
sented by the generic gerbe of 1Z g is the obstruction to the existence of a 
line bundle £ over C whose class in Picc(if (R g )) is equal to a. 

If b = 0, then g — 1 is odd hence the generic gerbe is trivial. So assume 
b > and let X, L and a be obtained by applying Theorem 19.51 with m = 2 
and n = 2 b . Since Aut(Xjj) = {id} it follows that the image of the map 
Spec L — > Hg lies in the smooth locus R^ of 1Z g . Since the restriction of the 
map lZ g — > R s is a [i^ gerbe, it follows that the index of the generic gerbe 
is > 2 b . Since the index must also divide g — 1 it follows that we must have 
equality as claimed. 

9.5. The essential dimension of A\ over arbitrary fields. We do not 

know the essential dimension of A g over fields of small characteristic. How- 
ever, it follows from classical formulae [Sil86, Appendix A, Proposition 1.1] 
that ed A\ = 2 over any field of characteristic ^ 2 and ed A\ < 3 over any 
field of characteristic 2. We prove here the following 

Theorem 9.7. ed.Ai = 2 over any field of characteristic 2. 

Proof. It suffices to prove the theorem over F2 since it is easy to see that 
ed.4i > 2 over any field. 

Any elliptic curve E over a field K of characteristic 2 with j(E) ^ has 
an affine equation [Sil86[ Appendix A] 

y 2 + xy = x 3 + a 2 x 2 + o 6 , a 2 , / a 6 G K , 

hence it suffices to compute the essential dimension of the residual gerbe 
corresponding to elliptic curves E with j(E) = 0. Any such curve has an 
affine equation 

y 2 + o-zV = x 3 + a^x + ag, as ^ 0, 04, a$ € K . 

We let E be the curve corresponding to the equation y 2 + y = x 3 over F2 
and denote by Aut(E') its automorphism group scheme. 
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By [Sil86, Appendix A, Proposition 1.2] and its proof, Aut(i?) is an etale 
group scheme over F2 of order 24. As a scheme it is given by the equations 
U 3 = 1, S 4 + S = and T 2 + T = 0, where U, S, T are coordinates on A 3 . 
Given a solution (u, s, t) of these equations, the corresponding automorphism 
E — > E is given in the above coordinates by (x, y) 1— > (x',y') with 2 = 
u 2 x' + s 2 and y = y' + u 2 sx' + i. Thus, if f% : E — > E, i = 1, 2, over a field if 
is given by a tuple (tij, Sj, ij) then f'2 fi '■ E — » is given by the coordinate 
change 

X = U 2 Xl + S 2 = u\(u\x 2 + s\) + s\ = (UIU 2 ) 2 X2 + («lS 2 + Si) 2 

and 

y = yi + m 2 sij;i -Mi = (y 2 + ujs 2 x 2 + i 2 ) + u\si{u%x 2 + s|) + ii 

= 2/2 + («1^2) 2 (>lS2 + Sl)^2 + (<1 + -U?SiS2 + h) ■ 

Thus / 2 o fx corresponds to the triple {u\u 2 , u\s 2 + «i, t\ + t 2 + w^sis 2 ,). 

Clearly Aut(-E) becomes a constant group scheme over any field con- 
taining F4; one may see that this constant group scheme is isomorphic to 
SL 2 (F3) by considering its action on E[3]. The centre of Aut(E) is the con- 
stant group scheme Z/2, the non-trivial element corresponds to the tuple 
(1,0,1) and acts by multiplication by —1 on E. Let G be the quotient of 
Aut(-Ef) by its centre. It is given by the equations U 3 = 1, 5 4 + S = and 
the quotient map corresponds to forgetting the last coordinate. 

Let B C SL 2 (¥4) be the subgroup of upper triangular matrices, viewed 
as a closed subgroup scheme of SL 2 ^ 2 in the natural way. The formula for 
compostion in Aut(E) given above shows that the map on points G — > B 
given by (u, s) 1— > (q "2) induces an isomorphism of group schemes over F 2 . 
Thus G is a closed subgroup scheme of GL 2 j 2 which maps injectively into 
PGL 2 j 2 , so edG = 1. 

Now we have a central extension of group schemes over F 2 , 

-» Z/2 -> Aut(£) — ► G — ► 1 , 

which for any extension field K of F 2 gives rise to an exact sequence of 
pointed sets 

H\K,Z/2) A ff^AutCE)) ^> H X (K,G) ^ H 2 (K,Z/2). 

Since H 2 (K,Z/2) = it follows that /3 is surjective. Thus H 1 (K,Z/2) 
operates on F 1 ^, Aut(E)) and the quotient is H l (K,G) by |Gir71j III, 
Proposition 3.4.5 (iv)]. Since both Z/2 and G have essential dimension 1, it 
follows that edAut(S) < 2. 

The residual gerbe at the point E of A\ is neutral, so it is isomorphic 
to i3Aut(-E), hence has ed < 2. Since the generic gerbe is isomorphic to 
B Z/2Z, we conclude that ed.4i = 2. 4 

Acknowledgements. I thank Arvind Nair and Madhav Nori for useful 
conversations. 
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